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1. Introduction

Let L/Q be a Galois extension with group

D3 = 〈σ, τ : σ3 = τ2 = τστσ = 1〉,

the dihedral group of order 6. Then L/Q admits a canonical
non-classical Hopf-Galois structure with Hopf algebra Hλ.

By a theorem of C. Greither, Hλ ∼= Q[D3] as Q-algebras.

In this talk we show that up to scalar multiplication, nilpotent
elements in Hλ correspond to rational points on a certain conic
over Q. Using this we give a new proof of Greither’s theorem.



2. Hopf-Galois Theory

We review some of the basic notions of Hopf-Galois theory.

Let L be a finite extension of a field K .

Let H be a finite dimensional, cocommutative K -Hopf algebra with
comultiplication ∆ : H → H ⊗R H, counit ε : H → K , and
coinverse S : H → H.

Suppose there is a K -linear action of H on L that satisfies

h · (xy) =
∑
(h)

(h(1) · x)(h(2) · y)

h · 1 = ε(h)1

for all h ∈ H, x , y ∈ L, where ∆(h) =
∑

(h) h(1) ⊗ h(2) is Sweedler
notation.



Suppose also, that the K -linear map

j : L⊗K H → EndK (L), j(x ⊗ h)(y) = x(h · y)

is an isomorphism of vector spaces over K . Then H together with
this action provides a Hopf-Galois structure on L/K .

Example 2.1. Suppose L/K is Galois with group G . Let
H = K [G ] be the group algebra, which is a Hopf algebra via
∆(g) = g ⊗ g , ε(g) = 1, S(g) = g−1, for all g ∈ G . The action
of K [G ] on L given as(∑

g∈G
rgg
)
· x =

∑
g∈G

rg (g(x))

provides the “usual” Hopf-Galois structure on L/K which we call
the classical Hopf-Galois structure. �



In the case that L/K is separable, C. Greither and B. Pareigis have
given a complete classification of Hopf-Galois structures.

Let L/K be separable with normal closure E . Let G = Gal(E/K ),
G ′ = Gal(E/L), and X = G/G ′. Denote by Perm(X ) the group of
permutations of X . A subgroup N ≤ Perm(X ) is regular if
|N| = |X | and η[xG ′] 6= xG ′ for all η 6= 1N , xG

′ ∈ X .

Let λ : G → Perm(X ), λ(g)(xG ′) = gxG ′, denote the left
translation map. A subgroup N ≤ Perm(X ) is normalized by
λ(G ) ≤ Perm(X ) if λ(G ) is contained in the normalizer of N in
Perm(X ).

Theorem 2.2 (Greither-Pareigis). Let L/K be a finite separable
extension. There is a one-to-one correspondence between Hopf
Galois structures on L/K and regular subgroups of Perm(X ) that
are normalized by λ(G ).



One direction of this correspondence works by Galois descent: Let
N be a regular subgroup normalized by λ(G ). Then G acts on the
group algebra E [N] through the Galois action on E and
conjugation by λ(G ) on N, i.e.,

g(xη) = g(x)(λ(g)ηλ(g−1)), g ∈ G , x ∈ E , η ∈ N.

We then define

H = (E [N])G = {x ∈ E [N] : g(x) = x , ∀g ∈ G}.

The action of H on L/K is thus(∑
η∈N

rηη
)
· x =

∑
η∈N

rηη
−1[1G ](x).



The fixed ring H is an n-dimensional K -Hopf algebra, n = [L : K ],
and L/K has a Hopf Galois structure via H.

Moreover,
E ⊗K H ∼= E ⊗K K [N] ∼= E [N],

as E -Hopf algebras, that is, H is an E-form of K [N].

Theorem 2.2 can be applied to the case where L/K is Galois with
group G (thus, E = L, G ′ = 1G , G/G ′ = G ).

In this case the Hopf Galois structures on L/K correspond to
regular subgroups of Perm(G ) normalized by λ(G ), where
λ : G → Perm(G ), λ(g)(h) = gh, is the left regular representation.



Example 2.3. Suppose L/K is a Galois extension,
G = Gal(L/K ). Let ρ : G → Perm(G ) be the right regular
representation defined as ρ(g)(h) = hg−1 for g , h ∈ G . Then
N = ρ(G ) is a regular subgroup normalized by λ(G ), since
λ(g)ρ(h)λ(g−1) = ρ(h) for all g , h ∈ G .

N = ρ(G ) corresponds to a Hopf-Galois structure with K -Hopf
algebra

Hρ = (L[ρ(G )])G = K [G ],

the usual group ring Hopf algebra with its usual action on L.
Consequently, ρ(G ) corresponds to the classical Hopf Galois
structure. �



Example 2.4. Again, suppose L/K is Galois with group G . Let
N = λ(G ).

Then N is a regular subgroup of Perm(G ) which is normalized by
λ(G ), and N = ρ(G ) if and only if N abelian. The corresponding
Hopf algebra is the fixed ring

Hλ = (L[λ(G )])G .

If G is non-abelian, then N = λ(G ) corresponds to the canonical
non-classical Hopf-Galois structure. �



3. The Case K = Q, G = D3

For the remainder of this talk, we specialize to the case where the
base field K = Q, and the Galois group is the dihedral group of
order 6,

D3 = 〈σ, τ : σ3 = τ2 = στστ = 1〉.

Let L/Q be a Galois extension with group D3. By Example 2.3,
and Example 2.4, we have regular subgroups ρ(D3), λ(D3)
normalized by λ(D3).

These regular subgroups give rise to the classical and canonical
non-classical Hopf-Galois structures on L/Q via the Q-Hopf
algebras Q[D3] and Hλ, respectively.



The classical Hopf-Galois structure on L/Q has Q-Hopf algebra

Q[D3] =
{
a0,0 + a0,1σ + a0,2σ

2 + a1,0τ + a1,1τσ + a1,2τσ
2 : ai ,j ∈ Q

}
.

And, due to L. Childs, the canonical non-classical Hopf-Galois
structure on L/Q has Q-Hopf algebra

Hλ = {a0 + a1σ + τ(a1)σ2 + b0τ + σ(b0)τσ + σ2(b0)τσ2 :

a0 ∈ Q, a1 ∈ L〈σ〉, b0 ∈ L〈τ〉}



It is of interest to determine how Q[D3] and Hλ fall into
isomorphism classes as algebras and Hopf algebras.

Proposition 3.1. Hλ and Q[D3] are not isomorphic as Q-Hopf
algebras.

Proof. See [KKTU19, Proposition 4]. �

The situation is different as algebras.

Theorem 3.2. [C. Greither] Hλ ∼= Q[D3] as Q-algebras.

Proof. This is shown in [KKTU19, Theorem 4]. Note: Greither’s
theorem holds for any Galois extension L/K , Q ⊆ K , with group
G , that is, we always have Hλ ∼= K [G ] as K -algebras. �



Since Q has characteristic 0, both Hλ and Q[D3] are left
semisimple and decompose into a product of matrix rings over
division rings.

By [CR81, Example (7.39)],

Q[D3] ∼= Q×Q×Mat2(Q),

as Q-algebras. And so, by Theorem 3.2

Hλ ∼= Q×Q×Mat2(Q), (1)

as Q-algebras.



Let M be the subalgebra of Hλ corresponding to the component
Mat2(Q) in the decomposition (1).

We compute a Q-basis for M ⊆ Hλ.

Let α ∈ L be so that L〈σ〉 = Q(α), α2 ∈ Q, and let a1 = q0 + q1α
be a typical element of Q(α), q0, q1 ∈ Q. Note that
τ(a1) = q0 − q1α.

Let β ∈ L be so that L〈τ〉 = Q(β) with b0 = r0 + r1β + r2β
2 a

typical element of Q(β), r0, r1, r2 ∈ Q.

Let v = 2β − σ(β)− σ2(β), w = 2β2 − σ(β2)− σ2(β2).



Proposition 3.3. A Q-basis for M is{
2− σ − σ2

3
, α(σ − σ2),

vτ + σ(v)τσ + σ2(v)τσ2

3
,

wτ + σ(w)τσ + σ2(w)τσ2

3

}
.

Proof. The element e3 = (2− σ − σ2)/3 is the orthogonal
idempotent corresponding to the component Mat2(Q) in the
decomposition (1). By Childs’ result, Hλ consists of elements of
the form

h = a0 + a1σ + τ(a1)σ2 + b0τ + σ(b0)τσ + σ2(b0)τσ2,

where a0 ∈ Q, a1 ∈ Q(α), and b0 ∈ Q(β). Thus, the product e3h
is a typical element of M, which can be written as a linear
combination of the claimed basis. �



Since Mat2(Q) has nilpotent elements, e.g.

(
0 1
0 0

)
, Hλ must

have nilpotent elements, necessarily in the subalgebra M.

Here is how we find them.



Let m ∈ M ⊆ Hλ. By Proposition 3.3, there exists a, b, c , d ∈ Q so
that

m = a(2− σ − σ2) + bα(σ − σ2) + c(vτ + σ(v)τσ + σ2(v)τσ2)

+ d(wτ + σ(w)τσ + σ2(w)τσ2)

= a(2− σ − σ2) + bα(σ − σ2)

+ ((cv + dw)τ + σ(cv + dw)τσ + σ2(cv + dw)τσ2).

Let TrL〈τ〉/Q : L〈τ〉 → Q and TrL〈στ〉/Q : L〈στ〉 → Q and denote the

trace maps. Let NL〈τ〉/Q : L〈τ〉 → Q denote the norm map.



Lemma 3.4. The element m is nilpotent of index 2 if and only if
the following conditions hold:

(i) a = 0,

(ii) TrL〈τ〉/Q((cv + dw)2) = 2b2α2,

(iii) TrL〈στ〉/Q((cv + dw)σ(cv + dw)) = −b2α2.

Proof. We show directly that m2 = 0 if and only if conditions (i),
(ii), and (iii) hold. �



4. Application to Binary Quadratic Forms

Let p(X ) = X 3 + qX + r be an irreducible cubic over Q with
discriminant D = −4q3 − 27r2. Without loss of generality we can
assume that q, r ∈ Z.

Suppose D is not a square in Q. Then the splitting field L of p(X )
is Galois over Q with group D3.

By [Ro15, Proposition A-5.69], L〈σ〉 = Q(
√
D).

By [Ro15, Theorem A-1.2], the roots of p(X ) are

s + t, sζ + tζ2, sζ2 + tζ

with s = 3

√
(−r +

√
R)/2, t = −q/(3s), R = r2 + (4/27)q3, and ζ

a primitive 3rd root of unity. Note that st = −q/3 and
s3 + t3 = −r .



The Galois action on L is defined by

σ(s+t) = sζ+tζ2, σ(sζ+tζ2) = sζ2+tζ, σ(sζ2+tζ) = s+t,

τ(s+t) = s+t, τ(sζ+tζ2) = sζ2+tζ, τ(sζ2+tζ) = sζ+tζ2.

Put β = s + t, v = 2β − σ(β)− σ2(β) and
w = 2β2 − σ(β2)− σ2(β2).

Let Hλ be the Q-Hopf algebra of the canonical non-classical Hopf
Galois structure on L/Q.

By Theorem 3.2,

Hλ ∼= Q×Q×Mat2(Q).

Let M be the subalgebra of Hλ isomorphic to Mat2(Q). Let m be
a nilpotent element of M.



By Lemma 3.4(iii), there exist rationals x , y so that

TrL〈στ〉/Q((xv + yw)σ(xv + yw)) = −D. (2)

We claim that the right-hand side of (2) is a binary quadratic form
in x , y over Z.

To prove this we first need a lemma.

Lemma 3.5.

(i) v = 3s + 3t,

(ii) w = 3s2 + 3t2,

(iii) σ(s2 + t2) = s2ζ2 + t2ζ.

(iv) σ(s2ζ + t2ζ2) = s2 + t2.



Proposition 3.6.
TrL〈στ〉/Q((xv + yw)σ(xv + yw)) = 9qx2 + 27rxy − 3q2y2.

Proof. We have (xv + yw)σ(xv + yw)

= 9x2(s + t)(sζ + tζ2) + 9xy((s + t)(s2ζ2 + t2ζ)

+ (s2 + t2)(sζ + tζ2)) + 9y2(s2 + t2)(s2ζ2 + t2ζ).

Now, applying TrL〈στ〉/Q to each term above yields

TrL〈στ〉/Q((xv + yw)σ(xv + yw)) = 9qx2 + 27rxy − 3q2y2.



Now, in view of (2) and Proposition 3.6, the equation

E : 9qX 2 + 27rXY − 3q2Y 2 = −D

has a non-trivial solution (x , y) in the rationals (and hence an
infinite number of rational solutions). The discriminant of the
binary quadratic form is

D′ = (27r)2 − 4(9q)(−3q2) = −27D.

If D′ > 0, then D < 0. Thus if E is an hyperbola, then p(X ) has
one real root and two non-real complex roots. Moreover, if p(X )
has three real roots, then E is an ellipse.



The nilpotent elements of Hλ (up to multiplication by a rational)
correspond to rational points on the graph of E .

Example 3.7. Let q(X ) = X 3 + 3X + 1. Then q(X ) is irreducible
with D = −135, and so its splitting field L/Q is Galois with group
D3. The roots of q(X ) are

s + t, sζ + tζ2, sζ2 + tζ,

where s = 3

√
(−1 +

√
5)/2, t = 3

√
(−1−

√
5)/2. In this case,

E : 27X 2 + 27XY − 27Y 2 − 135 = 0,

with D′ = −27(−135) = 3645, and D = −135. Thus E is a
hyperbola and X 3 + 3X + 1 has exactly one real root.



Let β = s + t, v = 2β − σ(β)− σ2(β) and
w = 2β2 − σ(β2)− σ2(β2).

By inspection, (2, 1) is a solution to E . Thus

m =
√
−135(σ−σ2) + (2v +w)τ +σ(2v +w)τσ+σ2(2v +w)τσ2

is a nilpotent element of Hλ.



Fig. 1. Graph of hyperbola 27X 2 + 27XY − 27Y 2 − 135 = 0 given by
X 3 + 3X + 1. The point (2, 1) corresponds to the nilpotent element

m ∈ Hλ.



4. Another Proof of Greither’s Theorem
Let L/Q be Galois with group D3 and let y be a generator for the
subfield L〈τ〉 with minimal polynomial p(X ) = X 3 + qX + r and
discriminant D = −4q3 − 27r2.

In this section we give an alternate proof of Greither’s theorem
(Theorem 3.2).

Theorem 4.1. (Greither) Hλ ∼= Q[D3] as Q-algebras.

Proof. By the theory of characters,

Hλ ∼= Q×Q×Matr (R),

where 1 ≤ r ≤ 2 and R is some division ring.

So to establish Greither’s result, we show that r = 2 and R = Q,
and to do this it suffices to show that Hλ contains a non-trivial
nilpotent element of index 2.



In order prove the existence of such an element, we show that

E : 9qX 2 + 27rXY − 3q2Y 2 = −D = 4q3 + 27r2.

has a non-trivial solution in the rationals. Then by Proposition 3.6,
there are rationals x , y not both zero with

TrL〈στ〉/Q((xv + yw)σ(xv + yw)) = −D.

Consequently, by Lemma 3.4(iii), Hλ contains a non-trivial
nilpotent of index 2, and so the decomposition is in fact

Hλ ∼= Q×Q×Mat2(Q).



If q = 0, then E is easily solved since it reduces to XY = r . So we
assume that q 6= 0.

If q 6= 0, one checks that X = 2q/3, Y = 3r/q is a non-trivial
rational solution to E . �
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